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We study repeated (noncontinuous) measurements on the electron spin in a quantum dot and find that the
measurement technique may lead to a different method or mechanism to realize nuclear spin polarization. While
it may be used in any case, the method is aimed at the further polarization, providing that nuclear spins have
been polarized by the existent electrical or optical methods. The feasibility of the method is analyzed. The
existing techniques in electron spin measurements are applicable to this scheme. The repeated measurements
deform the structures of the nuclear wave function and can also serve as gates to manipulate nuclear spins.
PACS numbers: 03.67.-a, 73.21.La, 76.70.-r
Introduction.— Quantum dots can host electron spin qubits
in a quantum information processor [1–4], as evidenced by the
recent encouraging progress in spin detection, relaxation and
coherent manipulation [5–7]. However, random fluctuations
in the nuclear spin ensemble of a host quantum dot lead to fast
electron spin decoherence [8, 9] via the hyperfine coupling.
Methods to combat the nuclear spin randomness, nuclear spin
polarization, have been proposed (see [10, 11] and references
therein) and implemented experimentally.
Nuclear spin polarization dates back to 1980s [12]. It has
been realized experimentally to some extent. The polarization
is achieved either electrically or optically via the hyperfine
coupling in particular flip-flop spin exchange [10]. Gammon
et al. obtain 60 % nuclear spin polarization optically in in-
terface fluctuation GaAs quantum dots [13] (see also [14] and
references therein). The recent record is the 80% polarization
in In0.9Ga0.1As at 5T [15].
Although significant progress has been made, the full nu-
clear spin polarization remains far from reach. Nuclear spins
distant from the electron spin are subject to rather weak hyper-
fine coupling [16]. Further electrical and optical polarization
becomes more difficult, even impossible. However, proposals
to use quantum dots for quantum information processing are
based on the fully polarized state [11, 17]. Partial polariza-
tions do not yet lead to a significant application in quantum
information processing. Therefore, new polarization methods
are desired.
Existent polarization methods, both electrical and optical,
are dynamic. Here, we explore an alternative possibility of
nuclear spin polarization via frequent but noncontinuous mea-
surements. We start with an achieved 80% polarized equilib-
rium state. If we measure the electron spin repeatedly but non-
continuously ( different from the Zeno effect [18] ) as formu-
lated in [19], the system may end up with the fully polarized
nuclear spin state. While the hyperfine coupling is required
in this scheme, the relative stronger nuclear spin correlation
plays a positive role. This feature may favor the polarization
of those remote nuclear spins subject to weaker hyperfine cou-
pling.
Method.— We consider a single electron confined in a
charged quantum dot. The Hamiltonian for the electron spin
and its surrounding K = 103 − 105 nuclei spins ( spin-I ) is
H = g∗µBBSz + gnµnBIz +HI +Hnuc, (1)
where the first two terms are the Zeeman energies of the elec-
tron spin and nuclear spins in a z direction magnetic field B.
Iz =
∑
i I
i
z is the z component of the total nuclear spin oper-
ator. The total angular momentum operator in the z direction,
Jz = Sz+ Iz with eigenvalue value J , is conserved. The hy-
perfine coupling between nuclear spins and the electron spin
is written as
HI = A(AzSz + 1
2
A+S− +
1
2
A−S+), (2)
whereA/
√
2I is an average hyperfine coupling constant. Op-
erators Aµ =
∑
i αiI
i
µ/
√
2I are expressed by the nuclear
spin Iiµ ( µ = z,+,− ), where the real numbers αi’s sat-
isfy
∑K
i=1 α
2
i = 1 [11]. The term AzSz provides an effec-
tive magnetic field [17], Overhauser shift for the electron spin,
Beff = B− (gnµnB+A
∑
αiI
i
z)/g
∗µB . The flip-flop spin
exchange 12A+S− +
1
2A−S+ has been used in either electri-
cal or optical nuclear spin polarizations [10, 14]. The domi-
nate part of nuclear spin interaction Hnuc is the dipole-dipole
coupling. However, here we consider the most general nu-
clear spin interaction Hnuc [14] preserving the total nuclear
spin Iz . This general Hamiltonian can be represented by a di-
rect sum of submatrices HJ , in the ordered bases {|J〉} (from
J = −Jm to Jm)
H =
Jm∑
J=−Jm
⊕HJ ,
where Jm = KI + 1/2. Given numbers J and I , there
are Ω(I,N) states in the electron and nuclear spin Hilbert
space, where N = (Jm − J)/I . For instance, Ω(1/2, N) =
(K+1)!
(K+1−N)!N ! when I = 1/2. The representation HJm is one-
dimensional, whose basis |Jm〉 = |⇑〉 |0〉 ( |0〉 = |I, I, ..., I〉
) is the fully polarized electron and nuclear spin state. Here
|⇑〉 denotes the electron spin-up state and |0〉 = |I, I, ..., I〉 is
the fully polarized state of nuclear spins.
2Consider the electron spin and its surrounding nuclear spins
initially in a separable state ρ(0) = |⇑〉 〈⇑| ⊗ ρn, where ρn
is an initial nuclear spin state. This initial state can be ob-
tained by measuring the electron at t = 0 with output |⇑〉
- the spin-up state. The system evolves under the Hamilto-
nian (1) thereafter. We then measure the electron spin again
at time t = τ . If we find again that the electron is in spin-
up state, which we call a successful measurement, the nu-
clear spin state becomes ρn(τ) = V (τ)ρnV †(τ)/P1, where
V (τ) = 〈⇑| exp(−iHτ) |⇑〉. After M such noncontinuous
measurements on electron spin state, given that all outcomes
were |⇑〉, the nuclear spin state [20] becomes
ρn(Mτ) = V (τ)
MρnV
†(τ)M/PM , (3)
where PM =Tr[V (τ)MρnV †(τ)M ]. The matrix representa-
tion of the operator V (τ) is
V(τ) =
[
e−iEJmτ 0
0 Vr(τ)
]
(4)
where
Vr(τ) =
KI∑
Iz=−KI+1
⊕VIz(τ)
in the ordered basis {|Iz〉}. V (τ) behaves like a non-Unitary
gate in the evolution. These measurements preserve the total
nuclear spins, Iz = J − 1/2. We emphasize that measure-
ments are noncontinuous, for the interval τ is finite and could
be long (different from the Zeno effect in quantum dot [18]).
The submatrix of V(τ) for the fully polarized nuclear state
is also one-dimensional, where EJm is the eigenenergy of H .
Matrices VIz (τ)’s are in general neither Hermitian nor Uni-
tary. However, one can still find left- and right-eigenvectors
with complex eigenvalues, whose modulus can be shown to
be bounded between 0 and 1 [20]. When M goes to infinite,
ρn(Mτ) → |0〉 〈0|, the nuclear spins are fully polarized, if
and only if the moduli of all eigenvalues vIz (τ) of VIz (τ) are
smaller than one, i. e., |vIz (τ)| < 1 for all Iz < KI. How-
ever, if there are other eigenstates with moduli equal to one in
the submatrix VIz (τ), ρn(Mτ) will end up with a degenerate
mixed state of the fully polarized state and these eigenstates.
The feasibility of this polarization method relies on whether
or not there is degeneracy of V (τ) for the general Hamilto-
nian (1). Since a complete solution for the general Hamilto-
nian is impossible, the following sections will discuss several
limits, numerically and analytically, to verify that there is no
priori reason for the general Hamiltonian to have the degener-
acy. Before proceeding it, we first introduce the initial nuclear
spin state ρn, whose nature also plays a role in this polariza-
tion method.
Initial state.— Consider that the nuclear spins have been po-
larized initially to a polarization rate a ( e.g. equal to 80% ),
either electrically or optically. An initial state can be a product
of individual spin states ρn =
∏K
i=1 [a |I〉i 〈I|+ (1− a)ηi],
meaning that each nuclear spin is in its evenly polarized equi-
librium state. Here ηi is a normalized state orthogonal to
|I〉i 〈I|. For simplicity, we set K even and I = 1/2 such
that ηi = |−1/2〉i 〈−1/2| . We expand this initial state as a
direct sum,
ρn =
KI∑
Iz=−KI
⊕c(Iz, a)ρIzn
where c(Iz , a) = dIzaK/2+Iz (1 − a)K/2−Iz and dIz =
K!
(K/2−Iz)!(K/2+Iz)! . Here the density matrix ρ
Iz
n =
(1/dIz)diag(1, 1, ..., 1) is a dIz - dimensional diagonal and
normalized matrix in the basis {|Iz〉}. In the maximally mixed
state (a = 1/2 or 50% ), the density matrix ρIzn with Iz = 0 is
dominant. However, it will be different for a polarized state.
The ratio between coefficients of Iz = 0 states and fully polar-
ized state |0〉 〈0| is R = K!(1−1/a)K/2(K/2)!2 , for instance K = 105
, R is 2.5 × 10−3 when a = 80%. The fully polarized state
|0〉 〈0| is dominant. The expectation value of Iz characteriz-
ing the polarization degree is
〈Iz〉M =
KI∑
Iz=−KI
c(Iz , a)Iz
dIzPM
Tr[VIz (τ)MV
†
Iz
(τ)M ], (5)
where the trace runs over all subspaces characterized by Iz .
Initially, the expectation value 〈Iz〉0 = K(a − 1/2) and a
nuclear spin polarization process means that 〈Iz〉M → K/2
when M increases.
There is another possible initial state, where the eighty per-
cent of nuclear spins is polarized. The other 20% of spins is
distant from the electron and is in thermal equilibrium state
(a = 1/2). It is an uneven polarized state. The expectation
value of Iz for this initial state is
〈Iz〉M = aKI + 〈Iz〉′M , (6)
where 〈Iz〉′M has the same form as (5) but Iz in the sum run
from −(1− a)KI to (1− a)KI .
The flip-flop spin exchange.— Eigenstates |m〉 of a Hermi-
tian operator h0 = A+A− play crucial roles for the dressed
qubit supported by |0〉d = |⇓〉 |m〉 and |1〉d = |⇑〉 |Φm+1〉
[11]. These two states span an invariant space of the flip-
flop spin exchange. Note that here we define the state |0〉 =
|I, I, ..., I〉 as our vacuum state instead of |−I,−I, ...,−I〉
in ref. [11]. Ref. [11] also uses K operators, Ak− =∑
i α
k
i I
i
−/
√
2I , and identifies the collective mode k = 0 such
that A− = A0− and αi = α0i . The set {αki } can be made as a
unitary matrix [11, 22] to transform sites i to modes k. These
operators obey the commutation relations
[Ak+,Ak′−] = δkk′ −
∑
i
αk∗i α
k′
i (I − Iiz)/I. (7)
An eigenstate |m〉 of h0 can be expressed by a poly-
nomial of product states of the operators Ak−’s,
|m〉 = fm(A−, A1−, ..., AK−1−) |0〉 . When f do
not include the collective operator A−, the states
3|m0〉 = fm0(A1−, ..., AK−1−) |0〉 are always eigenstates of
h0, and A+ |m〉0 = 0. For instance, in the Iz = KI − 1
subspace, the corresponding eigenstates are |m〉 = |0〉 and
|m0〉 = |1k〉 = Ak− |0〉.
Now we come to illustrate natures of the operator V (τ).
When Beff = 0 and the nuclear interaction Hnuc is negli-
gible, by calculating 〈⇑|Hn |⇑〉 and 〈⇑| e−iHτ |⇑〉 we show
that
V (τ) = cos(
Aτ
√
h
4
), (8)
where h = A−A+. While it is easy to check that h |0〉 = 0,
the abovementioned states |m〉0 are also eigenstates with zero
eigenvalues, i. e., h |m〉0 = 0. In the Iz = KI − 1 subspace,
h |1k〉 = 0. After M measurements with output ⇑, both |0〉
and the states |m〉0 are project out. This degeneracy makes the
full polarization invalid, though the outcoming nuclear state
may still be interesting.
If we consider a finite effective magnetic field Beff , a te-
dious calculation shows that
V (τ) = cos(
Aτ
√
h
4
)e−i
g∗µBBeff τ
2 . (9)
The magnetic field does not break the degeneracy either.
Therefore, in our method the flip-flop spin exchange cannot
fully polarize the nuclear spins, though it is crucial in the
electrical and optical polarization methods. The reason is that
the flip-flop spin exchange only contains the collective mode
k = 0.
General analysis.— The general Hamiltonian (1) includes
all modes k = 1, ...,K − 1. We can also write it in a way
different from eq. (1)
H =
A
2
(A+S− +A−S+) +H, (10)
where H = (gnµnB − g∗µBB)Iz + AAz(J − Iz) + Hnuc
acts only on nuclear spins. Jz is conserved and has been re-
placed by a constant J . There does not exist an analytical
form of V (τ) for a general H. However, we may find out its
natures in terms of approximation methods, such as perturba-
tion expansions. If the measurement time interval τ is short,
we can expand 〈⇑| e−iHτ |⇑〉 in the power of τ . It is tedious
but straightforward to calculate,
〈⇑|H2m |⇑〉 =
m∑
k=0
T (H2k), (11)
where T (H2k) = ∑P(H2k(A−A+)m−k) and the oper-
ation P is a permutation, for instance, P(H2A−A+) =
A2HA−A+H. The sum runs over all possible permutations.
Similarly, we also have an expansion for 〈⇑|H2m+1 |⇑〉, e. g.,
〈⇑|H3 |⇑〉 = HA2A−A++A2A−A+H+A2A−HA++H3.
The nuclear Hamiltonian H breaks the degeneracy of V (τ).
For the states |m〉0 = |1k〉, we can see directly that the fourth
order termHA−A+H breaks the degeneracy. H rotates Ak−
to a superposition of other operator Ak′−, including the col-
lective operator A− such that HA−A+H has an finite expec-
tation value. By using the common eigenstates |m〉 of h0 and
Iz , we expect that 〈m| HA−A+H |m〉 is finite for a general
H.
Analysis via Bosonization.— Consider bosons B†k =∑
i α
k
i b
†
i , where the set
{
αki
}
is the same as that for nuclear
spins. We denote B = B0 for the collective bosonic mode.
Bk and B†k obey the bosonic commutation relations
[Bk, B
†
k′ ] =
∑
i
αk∗i α
k′
i = δkk′ . (12)
By comparison with Eq. (7), the nuclear spin ensemble be-
haves like that of collective bosons, Ak+ ⇔ Bk, Ak′− ⇔ B†k
and |0〉 ⇔ |0〉B , when nuclear spins satisfy the condition∑
i α
k∗
i α
k′
i (I − Iiz) ≪ I . The total nuclear spin Iz ⇔ (K −
N)I , where N is the total boson number. The bosonization of
nuclear spin Hamiltonian is H =∑K−1k,k′=0 gkk′B†kBk′ , where
gkk′ are linear combinations of parameters in (1), under the
Holstein-Primakoff approximation [22]. The bosonized h0 =
BB† and h = B†B commute. The common eigenstates of
h0 and h are the bosonic Fock states |n〉 = |n0, n1, .., nK−1〉,
with the vacuum state |n = 0〉 = |0〉 .When n0 = 0, the Fock
states |0, n1, .., nK−1〉 correspond to |m〉0 , which are eigen-
states of the bosonized V (τ) = cos(Aτ
√
B†B
4 ), with eigenval-
ues 1. Other eigenvalues of V (τ) are vn0(τ) = cos(
Aτ√n0
4 ).
As long as properly control time τ such that vn0(τ) < 1 , we
can eliminate the corresponding states |n0 6= 0, n1, .., nK−1〉
after M successful measurements. The bosonization gives us
a more transparent physical picture.
Assume that H is small by comparing with the spin flip-
flop interaction, the dominant part of eigenstates of V (τ) is
the Fock states |n〉. In the Fock state basis, V (τ) may be
diagonal when we consider the first order perturbation, i. e.
V (τ) =
∑
Vn(τ) |n〉 〈n| . (13)
The above discussion shows that there is no priori reason for
the general Hamiltonian to have |Vn(τ)| = 1 for all n 6= 0.
Numerical simulations.— Assume that V (τ) can be writ-
ten in a diagonal form as in (13), in a certain basis. We can
have a rough estimation by taking Vn(τ) as an average con-
stant Vn(τ) < 1. With this assumption, we calculate 〈Iz〉M
for quantum dots with K = 103. When V0(τ) = 1 and
Vn(τ) = 0.9, we reach the full polarization (〈Iz〉M = K/2)
with M = 1100 successful measurements, initially from the
even polarized state. The reason of requiring such large M is
that the component of the fully polarized state is small in the
initial state. The probability PM to find ⇑ decays fast with M
and becomes extremely low when M = 1100. For instance,
PM is already 0.1 when M = 11. Suppose that we find ⇑ at
M = 11 and stop the measurement. The nuclear spins end up
with a state ρ(1)n , which is more polarized than ρn. We then
start the repeated measurements again but with the normalized
ρ
(1)
n . The probability is 0.1 again when M = 11 for the new
4round. The very long coherence time of nuclear spins [17] has
implied that nuclear spin correlation may not disturb the pro-
cess. We can repeat the same steps again and again until the
nuclear spins are fully polarized. It is important that each suc-
cessful step improves the polarization degree of nuclear spins.
We can also prepare thousands of copies and repeatedly mea-
sure them individually.
Starting from the uneven polarized state, we also calculate
〈Iz〉M in (6) and find that when M = 700, it is already fully
polarized. The value of M depends on the assumption of ini-
tial states significantly. The discussions for the even polarized
initial state are also applicable for the uneven state.
It is not practical to attempt to treat the general Hamilto-
nian exactly (even numerically ) since the configurations for
a given total Jz are huge. Figure 1 shows a simple numeri-
cal case. It is clear that the nuclear spin polarization increases
monotonically with M .
0 5 10 15 20 25 30 35 40 45
0.0
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FIG. 1: A model quantum dot with two nuclear spins. The total
nuclear spin 〈Iz〉 vs. M successful measurements. The line with
dots is for the thermal equilibrium initial state a = 1/2 and the line
with squares is for the 80% polarized state, a = 4/5. In both cases,
we take parameters Aα1τ = 8,Aα2τ = 4 and b12τ = 0.2 in the
general Hamiltonian, where b12 is the coupling constant of nuclear
dipole-dipole interaction. Nuclear spins are fully polarized for both
cases after 50 successful measurements.
Measurements.— Measurement of single electron spin has
been achieved using optical [23] and electrical [5] techniques.
The electrical one [5] applies a magnetic field to split the spin-
up and spin-down states of the electron via the Zeeman energy.
The quantum dot potential is then tuned. If its spin is up, the
electron will stay in the dot, otherwise it will leave. The spin
state is correlated with the charge state, and the charge on the
dot is measured to indicate the original spin. This technique
matches the present polarization method. We could exactly
follow and repeat the stages of this technique. We first empty
the dot and then inject one electron with unknown spin. At
time t = 0, we measure the spin states. If find spin-up, we
start processing. After waiting for time τ , we measure again
and if the electron is spin-up, we continue processing. If find
spin-down, we inject an electron again and go back to time
t = 0. By repeating this, we will end up with the fully po-
larized state if we have M successful measurements. Our
analysis has shown that we needs several hundred successful
measurements to accomplish the full polarization. However,
it is encouraging that each measurement with output ⇑ will
increase polarization degrees, as illustrated in Fig. 1 and dis-
cussed above. The full polarization may be reached by several
uncorrelated measurement procedures in the long coherence
period of nuclear spins [17].
Conclusion.— Our method is aimed at further polarization,
on the basis of the partially polarized states made by the elec-
trical or optical methods. Theoretically, the feasibility of the
method relies on eigenvalues of V (τ). While the modulus of
the eigenvalue of the fully polarized state is always one, we
require the moduli of other eigenvalues are smaller than one,
i. e., breaking degeneracy of V (τ). We analyze the system in
several ways. It is interesting to note that while the interac-
tion between nuclei can limit the polarization process in other
polarization schemes [24], it plays a positive role on breaking
the degeneracy of V (τ). Our conclusion is that there is no pri-
ori reason that there are other eigenstates with eigenvalues one
for the general Hamiltonian. It is noticeable that the existent
spin measurement technique fits well with our method. This
work also hints that while we explore the feasibility of the po-
larization method, our study should surely promote the devel-
opment in applying the noncontinuous measurement scheme
to the interesting nuclear spin system, as a new tool.
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